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The length of the common normal between two joint axes 
z. and z. 1 1 1+ 
Coordinate transformation from system (i+l) to system i 
Plane i representing a space constraint 
Height of space constraint 
Pitch of the screw 
Length of space constraint 
Vectors fixed in the robot hand 
Direction of the screw axis 
Vectors fixed in the robot hand, perpendicular to 
L1 and L2 
Origin of system i 
Vectors from origin of system to a point in the hand 
before and after change in position and orientation 
A plane passing through the axis of the first joint of 
3R robot and containing the second and third link 
Normal from origin to screw axis 
Magnitude of translation 
Distance along the joint axes zi from the common normal 





w Vector related to angular velocity (£_ = l~I ) 
x. Coordinates of a point in system i 
-i 
(xe, ye, ze) - Coordinates of the robot hand (end position of arm) 
ai The angle between axis zi and zi+l' measured in a right-
e. 
l. 
handed sense along the axis x. 1 J.+ 
The angle measured in a right-handed sense along z. 
l. 
axis, from ai-l to ai. This is the angle of rotation 
of the ith link with respect to the (i-l)th link 
Magnitude of rotation of the screw 





In the past few years, mechanical manipulators have been used 
heavily in the industry, especially with regard to parts handling and 
assembly. Attention has been given to the design of mechanical mani-
pulators with respect to the number of degrees of freedom, and research 
has also been presented related to the workspace of manipulators. 
Various types of robots are in use in the industry; one of the more 
sophisticated ones is the so-called 6R robot, which is composed of six 
revolute joints. This type of robot will provide all the six degrees 
of freedom required for a rigid body motion. Even though the 6R robot 
is neccessary for many of the complex operations encountered in the in-
dustry, it may be too complex and costly for various simpler tasks. 
In this study attention will be given to the robots that are suited for 
relatively simpler operations. Workspace, joint displacements and 
effects of space constraints on the workspace are the concepts of 
major concern to the robot designer. 
Roth (1) presented some observations about the workspace of mani-
pulators. He (2) ·later studied the influence .. of .positioning the hand of 
the robot on the primary and total workspace (primary workspace is 
that portion of the total.workspace within which each point can be 
1 
2 
reached at any direction). Kumar and Waldron (3) presented an algo-
rithm to plot the boundary contour of the workspace on a plane contain-
ing the base axis of the robot. Tsai and Soni (4) solved the accessi-
ble regions of robot arms for planar cases in closed-form. Tsai (4) 
has developed an algorithm to plot the boundary contours of the work-
spaces on any arbritrary plane. Pieper (5) presents a method to find 
joint displacements of a 6R manipulator containing three intersecting 
revolute axes, and numerical solutions for general 6R robots. 
1.2 Objectives 
It is proposed to compare the 3R and 4R manipulators. The added 
joint in the case of a 4R robot as compared to a 3R will effect the 
characteristics of tpe robot and it is of major concern in this study 
to find these effects. In other ~ords, what are the gains in transition 
from 3R to 4R. 
The objectives of this study are as follows: 
1. To study the effects of manipulator parameters on the work-
space of 4R robots, and compare the results with the 3R robots. 
2. To compare the joint displacements of 3R and 4R robots for 
motion between two work stations. To develop a computer program using 
iterative velocity method as a possible tool to analyze the displace-
ments of the robot joints. 
3. To study the effects of space constraints on the workspace of 
3R and 4R robots. 
CHAPTER II 
A COMPARISON OF THE WORKSPACES OF 
3R AND 4R ROBOTS 
2.1 Definition of the Workspace of 
a Robot Hand 
The workspace of a robot hand is defined as the volume which con-
tains all the accessible points of a robot hand. The concept of work-
space is one of the most important characteristics of a manipulator. 
The objective of the robot designer is to establish a set of robot 
parameters so that the workspace becomes the largest possible fraction 
of a sphere with radius equal to the length of the robot in its extend-
ed position.· 
2.2 Mathematical Concepts for 
Workspace Analysis 
In order to analyze the workspace of a manipulator a relation be-
tween the cartesian coordinate systems as shown in Figure 1 should be 
established. In this study the (4 x 4) matrix method developed by 
Denavit and Hartenberg (6) has been used. 
The link parameters of a robot can be defined as follows (see 


















Figure 2. Link Parameters of Joints 




a. The length of the conunon normal between two joint axes, 
1 
z. and z. 1 . 1 1+ 
a.. The angle between axis z. and z. 1 , measured in a right-1 1 1+ 
handed sense along the axis xi+l· 
S. Distance along the joint axis z. from the conunon normal 
1 1 
between x. 1 and x .. 1- 1 
8. The angle measured in a right-handed sense along z. axis, 
1 1 
from ai-l to ai. This is the angle of rotation of the ith 
link with respect to the (i-l)st link. 
The coordinates in the system i can be denoted by (x.,y.,z.) and 
1 1 1 
in system (i+l) by (xi+l'Yi+l'zi+l). 
be defined so that 





x. = -1 z. 
1 
l 
Then there is a transformation 
where 
cos e. -sin e. cos 
1 1 
sin e. cos e. cos 
1 1 
A. = 1 




a.. sin 8. sin a.. 
1 1 1 
a.. -cos e. sin a.. 




















For (n+l) coordinate systems there are (n) transformations between 
neighboring systems. A point represented by x 1 in system (n+l) can -n+ 
be represented with reference to system (1) as follows: 
6 
= A "A • • • 
1 2 (2.2) 










Using Equation (3.3) the coordinate of the robot hand with respect to 
the fixed first coordinate system could be calculated. 
2.3 Basic Considerations in Choosing 
the 'Right Robot' 
According to research done by Tsai, the best 3R robot in terms of 
workspace has the following link parameters: 
al = 90° al = 0 
a2 = 00 a2 = a3 
A 3R robot with link parameters as shown above will have the maximum 
workspace possible. In other words, the workspace for this specific 
robot is the total volume of a sphere with center at the origin or 
base point of the robot arm and a radius equal to the total sum of the 





Figure 3. The General 4R Robot 
8 
ion, there is no need to employ a robot with more than 3 joints. 
However, in many cases it is possible that the robot designer de-
sires more degrees of freedom for the robot hand than the 3R robot can 
provide. In instances where all 6 degrees of freedom are required to 
perform the task, the solution is the sophisticated but complex 6R ro-
bot. However, many jobs do no require the full range of motion that 
the 6R can provide, so a simpler unit may be much more effective. A 
more complex robot will increase the degree of complexity in control 
and design, thus adding to the construction and maintenance cost of 
the unit. So, consideration of the 4R or SR robots is quite worth-
while. The 4R robot could be ideal for some applications where it 
is required to control the direction of the robot hand for some limited 
ranges of motion. This is a task that can not be achieved by a 3R ro-
bot. Another limitation of the 3R robot is its lack of capability of 
obstacle avoidance. The 4R robot is more capable of avoiding obstacles 
in the path of motion. Therefore, many applications arise in practice 
where the 3 link robot is·too limited, but a robot arm with 4 links is 
well suited. 
2.4 The Type of Robot under Consideration 
To analyze the workspace and displacements of each joint of a 6R 
robot, the structure of the robot has been divided in two parts. Mil-
enkovic (7) divided the robot into 'major mechanism' and 'wrist mechan-
ism'. The major mechanism provides the 'large range motion' of the 
robot arm, and the wrist mechanism provides the local motion of the 
robot hand. Tsai (8) has used the same division in his synthesis of 
9 
6R robots. 
In this thesis, the 4R robot will be divided in two parts, each 
part having two joints. The first two joints have the same structure 
as the first two joints of the 'best' JR robot, which is shown in 
Figure 4. The configuration of the first two joints will remain the 
0 
same throughout this study (a1 = 90 ) , as it provides the maximum range 
of motion for the third joint. The effect of changing the configura-
tion of the remaining two joints will be studied here. In this case 
the first link length, a 1 , is equal to zero (see Figure J), and the 
remaining three link lengths (a2 , a 3 and a 4 ) are variable. The angle 
, a 2 and aJ are variable. No offsets (8.) have been intro-i 
duced in the structure of the 4R robot being considered. This is be-
cause 81 will only move the workspace of the robot hand up and down 
with respect to the x-y plane and will not change its shape. 8 2 and 
8 3 in general will reduce the workspace and they can also cause voids 
(void is a volume within the workspace that the robot hand can not 
reach). 
x 
Figure 4. The 'Best' JR Robot 
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2.5 Method of Analysis and Results 
Consider the robot shown in Figure 3, which has four degrees of 
freedom by virtue of four revolute joints. The robot arm is free to 
rotate about joint 1 (z - axis) but el can be set equal to zero. e2, 
e 3 and e 4 can each have the complete rotation o0 to 360°. Using Equa-
tion 2.3, all the points that can be reached by rotating joints 2, 3 
and 4 can be found. 
A polar projection about the first joint axes will represent the 
working area of the robot on the y-z plane. This polar projection is 
defined by the following mapping: 
The total workspace of the robot arm can be obtained by rotating this 
projected area about the first joint axes. Therefore, the working 
area on the y-z plane is a good representation of the total manipulator 
workspace. 
In order to compare the working area of the robots with different 
a and a values, the total link length of the compared robots should be 
the same. In this chapter each robot has a total link length of one. 
The preceding method requires considerable amount of matrix 
manipulations. Therefore, the use of a computer to analyze the robot 
workspace in this way is neccessary. A Fortran IV program was deve-
loped for the university's IBM 370 computer to carry out the neccessary 
calculations. It makes use of the computer's printer plotting capa-
bility to show the working area on the y-z plane. A source listing of 
the program and a sample of results are shown in Appendix A. The 
figures presented in the following pages are sketches of the printer 
plots obtained from this program. 
11 
F_igure 5 shows the four different configurations of the 4R robot 
that were considered. The orientation of the first two joints for all 
these cases is the same and only the orientation axes of the third and 
fourth joints will vary. In the first part of the study, four different 
combinations of robot link lengths were considered. They were as foll-
ows: 
L- a2 = 0.25 a3 = a4 = 0.375 
II - a2 = 0.40 a3 = a4 = 0.30 
III - a2 = 0.50 a3 = a4 = 0.25 
IV - a2 = 0.60 a3 = a4 = 0.20 
Table I presents the results obtained by varying a 3 .from o 0 to 90° 
and keeping a 1 = 90°, a 2 = o0 • This corresponds to a transition from 
case a) to case b) in Figure 5. It is inunediatly apparent from Table I 
that several of the robot configurations will have a workspace with 
some voids. As mentioned before it is the objective of the designer to 
create a robot that does not have voids in its workspace. 
Table II presents results obtained by a transition from case a) to 
case c) in Figure 5. In a similar way, Table III shows results for a 
transition from case c) to case d) in Figure 5, and Table IV was ob-
tained for a transition from case b) to cased). 
The second part of the study was done for the following combina-
tions of link lengths: 
12 
fl 0 0 
a) al = 90°, a2 = a3 = 
0 
0 • 
fl 0 Il 
b) 90°, 
0 
90°. al = a2 = 0 I a 3 = 
fl II n 
c) al = 90° I a2 = 90°, a3 = oo. 
d) 
0 0 0 
a 1 = 90 , a 2 = 90 , a 3 = 90 • 
Figure 5. Four Configurations of 4R Robots 
TABLE I 
EFFECTS OF a2 AND a3 ON THE SHAPE OF A CROSS-SECTION 
OF THE WORKSPACE OF 4R ROBOT ARMS WITH 
a 1 = 90°, a 2 = 0, a 3 = a4 , 
S1 = S2 = S3 = S4 = 0 
~ 0 30 60 90 e 
I {)- {) f) v 
II {) i> i> i> 
III {) {)- {)- {) 
IV {> i> i> i> 
13 
TABLE II 
EFFECTS OF a 2 AND a 2 ON THE SHAPE OF A CROSS-SECTION 
OF THE WORKSPACE OF 4R ROBOT ARMS WITH 
a 1 = 90°, a 3 = O, a 3 = a 4 , 
s1 = s2 = s 3 = s4 = o 
~ 0 30 60 90 e 
I 
{)-I -[) D- D-' 
II -[) -D- {)- {)-
III -[) {)- {)- {) 
IV {> D- f) {) 
14 
TABLE III 
EFFECTS OF a2 AND a3 ON THE SHAPE OF A CROSS-SECTION 
OF THE WORKSPACE OF 4R ROBOT ARMS WITH 
a 1 = 90°, a 2 = 90°, a 3 = a 4 , 
s 1 = s2 = s 3 = s4 = 0 
~ 0 30 60 90 e 
I D- {) {) {) . 
II {) {) v {) 
III {) {) {) {) 
IV {) {) v {) 
15 
TABLE IV 
EFFECTS OF ~ AND a 2 ON THE SHAPE OF A CROSS-SECTION 
OF THE WORKSPACE OF 4R ROBOT ARMS WITH 
a 1 = 90°, a 3 = 90°, a 3 = a 4 , 
s 1 = s2 = s 3 = s4 = o 
~ 0 30 60 90 e ·' 
I v- {)- v v 
II v -D- v v 
III {) {) {) {> 
IV v -D- v {) 
16 
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A - a2 = 0.25 a3 = 0.45 a4 = 0.30 
B - a2 = 0.35 a3 = 0.35 a4 0.30 
c - a2 = 0.50 a3 = 0.35 a4 = 0.15 
D - a2 = 0.60 a3 = 0.30 a4 = 0.10 
In all cases considered, a 3 > a 4 • The results for these sets of para-
meters are presented in Table V. 
From Table I it can be seen that for a robot with a 1 = 90°, 
a 2 = o0 and a 3 = o0 ccase a) from Figure 5), workarea is always a half 
circle until a 2 becomes larger than (~3 + a 4). A workarea of half 
circle represents the maximum obtainable workspace for the robot hand. 
As a 3 is changed from o0 to 90° in Table I, it is seen that only for 
case III (a2 = 2a3 = 2a4 ) the workspace is a complete half circle. 
Therefore, unless the robot has ai = 90, a 2 = a 3 = oo, there will be 
severe restrictions on the relative link lengths of the robot arm. 
From Table II it is apparent that in the transition from case a) 
to case c) (in Figure 5), all of the cases will provide a complete half 
circle workarea, except case IV, for which a 2 > a 3 + a 4 • 
Table III shows the transition from case c) to case d). The only 
combination of link lengths to give the complete half circle workarea 
is case III (a2 = 2a3 = 2a4 ). The same situation occurs in Table IV, 
where there is a transition from case b) to case d) in Figure 5. The 
only good set of link lengths is a = 2a = 2a4 • 2 3 
The results from the second part of this study (Table V), show 
that for the cases where a 3 > a 4 ,. the best orientations of the joints 
are cases a) and c) from Figure 5. The limitation on these 
TABLE V 
EFFECTS OF a2, a3, al, a2 AND a3 ON THE SHAPE OF 
A CROSS-SECTION OF THE WORKSPACE OF 4R ROBOT 
ARMS WITH al = 90°, a3 > a4, 
s 1 = s2 = s 3 = s4 = 0 
~ A B c D s 
a = 90° {) {) {) v 1 oo a = 2. 00 a3 = 
a· = 90° D D {) v 1 00 a2 = a3 = 90° 
al = 90° {) {) {) t> Q',2 = 90° 0'.3 = oo 
' 
al = 90° f)- {)- {) {) a2 = 90° a3 = 900 
18 
19 
configurations is that the second link should not be longer than the 
sum of third and fourth links. 
These results are summarized in Table VI. It has been shown that 
the best 4R robot configurations in terms of workspace are cases a) 
and c) in Table VI. 
TABLE VI 
SUMMARY OF RESULTS OF WORKSPACE 
COMPARISON FOR 4R ROBOTS 
Case I Results 
a)~ I No voids for all the linklength combinations, except when a 2 > a 3 + a 4 • 
b)~ j Voids for all the linklength combinations, except when a 2 = a 3 + a 4 • 
c)a---n--n-- I No voids for all the linklength combinations, except when a 2 > a 3 + a 4 




JOINT DISPLACEMENT ANALYSIS 
3.1 Introduction 
One of the major concerns of the robot designer is the motion of 
all the robot joints. It is important to minimize the joint displace-
ments of the robot in order to reduce enrgy consumption and mainten-
ance cost. The problem of finding the displacements of each joint 
involves solving complex simulatneous algebraic equations. This pro-
cess becomes more tedious as the number of joints of the robot increas-
es. Several analytical and numerical methods have been developed to 
study the joint motion of some specific robot configurations. 
A closed-form solution can be obtained for specific 3R robots. 
In this study, a closed-form solution for the 'popular' 3R robot 
(a1 = 90°, a 2= O, a 3 = O, a1 = O, a2 = a 3) will be presented. Two 
numerical methods, the Newton-Raphson and the iterative velocity 
method (developed by Pieper (5)) have been applied successfully to 
general 6R robots. In this chapter the iterative velocity method will 




3.2 A Comparison of Joint Displacements of the 
'Popular' 3R Robot and General 4R Robots 
A closed-form solution can be obtained from the geometry of the 
3R robot with the parameters a1 = 90°, a 2 = a 3 = O, a 1 = O, 8 2 = 8 3 = O. 
Figure 6 shows the configuration of this 3R robot and it can be veri-
fied that the joint variables e., i = 1,2,3 are as follows: 
l. 
e1 
-1 = tan (y /x ) e e 
L2 2 2 
-1 
z - 8 -1 + (a2 - a ) e' e 1 3 = cos cos 2 L 2a2 L 
L2 2 2 - (a2 - a3) 
63 
-1 = cos 
2a2a 3 
where 
( 3 .1) 
( 3. 2) 
(3.3) 
Given the coordinates of the robot hand (end position of the robot) , 
Equations (3.1) through (3.3) can be used to find the joint variables. 
The following procedure will be used for comparison of joint dis-
placements of the 3R and 4R robots: 
1. For given 4R robot parameters and a given set of joint vari-
ables, Equation (2.3) can be used to find·the corresponding position of 
the hand (work station) . Two work stations can be obtained with two 
sets of joint variables. 



















the same workstation as in 1. can be found from Equations (3.1) through 
(3.3). 
3. Joint displacements of 3R and 4R robots in going from station 
one to station two can then be found. 
In this comparison the 'popular' 3R robot will be compared to the 
4R robots shown in Figure 5. The total linklength of all robots being 
compared is one. For the 4R robots, a 2 = 0.5, a 3 = a 4 = 0.25. The 
following sets of joint variables of the 4R robots were chosen: 
Set One Set Two Joint Displacement 
e1 = -30.0 e1 = 20.0 Ml = 50.0 
e2 = 40.0 e2 = 80.0 M2 = 40.0 
e3 = -35.0 e3 = 155.0 M3 = 170.0 
e4 = -95.0 e4 = 70.0 M4 = 165.0 
A computer program based on Equation (2.3) was used to find the coordi-
nates of the corresponding work stations for the four different 4R 
robots. Table VII shows the resulting joint displacements for the 
'popular' 3R robot. 
The results from Table VII indicate that the total sum of joint 
displacements for the 4R robot is higher in all the cases considered. 
However, the joint displacements of first and second joints have much 
more effect on the energy consumption. This is because of the load, 
which will be much more for the first and second joints than the third 
and fourth joints. The 4R robot with parameters a 1 = 900, a 2 = 900, 
25 
TABLE VII 
JOINT DISPLACEMENTS FOR THE 'POPULAR' 3R ROBOT 
4R Robot 4R Robot Corresponding Joint 
Configurations Joint Displacements Displacements of the 
'Popular' 3R 
al = 90° Ll61 = so0 .663 = so.o0 
a2 = 00 .662 = 40° .682 = 68.0° 
ex = 00 M3 = 170° M = 65.7° 3 3 
.664 = 165° 
a = 90° Ml = 50° Ml = 93.6° 1 
0: = 00 M = 40° M2 41.0° 2 2 
a3 = 90° .663 = 1700 M3 = 56.6° 
M4 = 165° 
al = 900 .681 50° ll61 92.00 
a2 = 90° .682 = 400 M2 = 52.10 
a = oo M3 1700 M3 = 65.70 3 
M4 = 165° 
cxl = 90° Ml = 500 Ml = 2.21° 
a2 = 90° Ll62 = 400 M2 = 3.380 
Cl3 = 90° M3 = 170° M3 = 56.6° 
Ll64 = 165° 
a = 0 has considerably less joint displacements for the first two 
3 
26 
joints than the 'popular' 3R robot. So, in terms of energy consumption 
it will perform better than the 'popular' 3R robot. The third and 
fourth joints of this 4R robot (a1 = 90°, a 2 = 90°, a 3 = O) have con-
siderably higher joint displacements but the energy consumption of 
these joints is much lower than the base joints. 
In general, the joint displacements of a robot will be affected by 
the initial and final locations of the robot hand. This indicates 
that the location of the robot in its working space is important in 
terms of minimizing the joint displacements required during its opera-
tion. It is therefore neccessary for the designer to have a tool for 
analyzing joint motions of a robot, so that the 'best' arrangement of 
the robot and its work stations can be achieved. Section 3.3 presents 
the iterative velocity method for joint displacement analysis deve-
loped by Pieper (5). 
3.3 The Iterative Velocity Method 
The iterative velocity method is based on the fact that a change 
in position and orientation of a rigid body can be described by a 
screw motion. The rotation and translation of this motion is along a 
single fixed axis. For small motion, the screw is related to the ang-
ular velocity of the rigid body. 
Any rigid body can be defined in a coordinate system by two vect-
ors located on the rigid body and a vector from the origin of the 
reference axis to a point on the rigid body. The screw motion is a 
way of defining the motion of a rigid body in reference to a fixed 
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coordinate system, when the body moves from one position to another. 
The following terminology will be used: 
L1 and N1 : Two vectors fixed in the robot hand in its initial 
state. 
L2 and N2 The same two vectors after a change in position and 
orientation. 
P1 and !:_2 Vectors from the origin of the system to the same 
point in the hand before and after the change in 
position.and orientation. 
r The normal from the origin to the screw axis. 
n The direction of the screw axis. 
¢ The magnitude of rotation of the screw. 
S The magnitude of the translation. 
H The pitch of the screw. 
The direction of the screw axis n and the magnitude of the rota-
tion ¢ can be found from the following statement of Euler's theorem: 
(L2 - L ) x (N2 - N ) 
~ tan(¢/2) 
-1 -1 = 
(L2 - L ) . (N2 + Nl) -1 
Define 
(L2 - L ) x .(N2 - N ) w = -1 -1 





~ = 2 arctanjwj • 
The normal from the origin to the screw axis, E..r is computed from 
- w • 
The magnitude of the translation S is 
w • 
s = 
(P - p ) 
-2 -1 j. 
l!I 
Lastly, the pitch of the screw H is defined as 
H = s 
~ 
(P2 + Pl) 
-----x w }. 
w2 
The preceding defines all the neccessary parameters of the screw. 
W and V can be written as approximations respectively to the 
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angular velocity of the hand and the linear velocity of a point in 
the hand at the origin: 
W =At n 
tit -
M M V=H-n-nxr 
fit - - 6t 
(3 .4) ' 
(3.5) 
where the quantities on the right-hand sides. of the above equations are 
found from the screw; ti~ is the amount of rotation, n is a unit vector 
parallel to the screw axis, H is the pitch of the screw, and r is a 
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vector from the origin to the screw axis. The details regarding 
Equations (3.4) and (3.5) are shown in Appendix B. In addition, the 
angular and linear velocities may be expressed as functions of the re-
tations in the arm joints. That is 
6 




V = - l: W. 




( 3. 7) 
where W. is the angular velocity of the hand due to the rotation about 
-J, 
axis (i) and r. is a vector from the origin of system 1 to the axis 
-J, 
( i) • 
The following approximation can be made: 
w. 
-i 
(i = 1,2, ••• ,6) (3.8) 
where n. is a unit vector parallel to axis {i) and it is assumed that 
-i 
the motion of the hand from initial to final position is small, so 
that Equations (3.6) and (3.7) may be written using Equation (3.8) as 
w = ( 3. 9) 
6 Mi. 
V = - L: ~t ni x r .• 
i=l -i 
(3.10) 
Then, equating the right hand sides of Equations (3.9) and (3.10) 
to the right hand sides of Equations (3.4) and (3.5), two vector 
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equations representing six scalar linear equations in 8., i 
l 
1, ... '6 









= 8<j> n 
(~8. n. x r.) = H 8</> n - n x _r 8<j>. 
i· ·-:i -1 
( 3 .11) 
( 3 .12) 
Equations (3.11) and (3.12) can be used iteratively to approximate the 
joint displacements e. in going from one position of the robot hand 
l. 
to another. However, they are valid only for a small change in the 
screw angle 6</>· If the required motion of the hand is large, it can 
be divided into smaller steps so that the right-hand sides of Equa-
tions (3.11) and (3.12) stay within reasonable limits. 
An initial and a final position of the robot hand are given. 
From the initial configuration the vectors n. and r. can be found. If 
. . -1 -i 
they are not within their limits, then a new 'intermediate' final posi-
tion is found. This intermediate position and the initial position are 
used to obtain 8<j>, n and E.. and the joint displacements, 88., can be 
l. 
found from Equations (3.11) and (3.12). The 'intermediate' position 
now becomes the new initial position and the same process is carried 
through until the final position is reached. The total displacements 
of each joint can then be found. Therefore, for large motions, only 
a portion of the screw should be used to compute the incremental change 
in the angles. The change that is made at each iteration should also 
be limited. 
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A computer program has been written utilizing the above scheme; 
a source listing is included in Appendix c. Section 3.4 presents ex-
amples of joint displacement analysis using the above mentioned pro-
gram. 
3.4 Examples of Joint Displacement Analysis 
In this section three examples of joint displacement analysis 
for 6R, 4R and 3R robots will be presented. The first example is for 
a 6R robot. The link parameters of this 6R robot are as follows: 
sl = s2 = s3 = s4 = SS = 86 = o.o 
al = o.o a.l 90.0 
a2 = 2.0 a.2 = o.o 
a3 = 2.0 0.3 = -90.0 
a4 = 1.0 0:4 = 90.0 
as = o.s a.s = -90.0 
a6 = 0.3 a6 = o.o 
The target hand positions were generated by sets of known angles. 
The initial position of the robot hand was generated by the angles 
81 = 60.0° 84 = 20.00 
82 = 40.0° 8s = so.o0 
83 = 3o.o0 86 = 7o.o0 
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This leads to the hand position specified by the position vector 
[
0.45728] 
pl = 2.27080 
4.45730 
and the orientation (specified by two unit vectors fixed in the hand 
.!!_1 pointing in the direction of the hand and N1 in the direction of 





Nl = [-0.19821~ 0.86732 
0.45659 
The target was generated by the angles 
e1 = 65.ooo0 e4 = 30.000° 
e2 = 45.ooo0 e5 = 40.000° 




p2 = 1.6519 
4.4433 
N2 = [=~:~~~~~l -0.4877~J 
The results of the iterative velocity method for the joint angles 
of the target position were found as follows: 
e1 = 64.996° e4 = 30.008° 
e2 = 45.004°. e5 = 40.003° 
e3 = 39.995° e6 = 99.993° 
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The above results were obtained by 203 iterations. 
In order to use the velocity method for 4R and 3R robot arms, four 
and three of the six equations available from Equations (3.11) and 
(3.12) respectively will be used. Table VIII shows the two examples 




s = s = s = s = 0 
1 2 3 4 
a 1 = 0.0 a = 90.rP 1 
4R a 2 = 0.50 
0 
a.2 = -90.0 
a 3 = 0.25 a = 3 o.o
0 
a 4 = 0.25 a = 4 .. o.o
0 
s = s = s = 0 
1 2 3 
a 1 = 0.0 a = 1 90.o
0 
3R a 2 = 0.50 a 2 = -9o.o0 
a 3 = 0.50 a.3 = o.o0 
TABLE VIII 
EXAMPLES OF JOINT DISPLACEMENT ANALYSIS 
USING THE ITERATIVE VELOCITY METHOD 
FOR 4R AND 3R ROBOTS 
Joint Angles Joint Angles Results of 
for Initial for Target Velocity Method 
Position Position for Joint Angles 
6 = 
1 
0 .o0 . 6 1 = -20 .o0 6 1 = -20.0° 
6 2 = 45 .o0 8 = 00.0° 6 80.0° = 2 2 
o.o0 0 0 6 = 63 = -40.0 63 = -40.0 3 
8 = 4 o.o
0 6 = 4 45 .o
0 8 = 4 45 .o
0 
6 = 1 o.o0 62 = -10.0° 81 = -10.0° 
82 = 45.0° 6 = 2 55.0° 6 = 2 55.0° 








THE EFFECT OF SPACE CONSTRAINTS ON THE 
WORKSPACE OF 3R AND 4R ROBOTS 
4.1 Introduction 
In practice, when a manipulator has been installed, the motion of 
its arm can be constrained by the surrounding walls, ceiling, floor etc. 
When the links are no longer free to move in all directions, the work-
space of the robot hand can be greatly affected. As mentioned in Chap-
ter II, certain configurations of 3R and 4R.robots are 'best' in terms 
of workspace, if no space constraints are present. If space constraints 
are introduced, these 'best' robots may no longer provide the maximum 
workspace. This chapter introduces a brief analysis of how space con-
straints can affect the workspace of certain 3R and 4R robots. 
4.2 Workspace Analysis in the Presence of 
Space Constraints 
The introduction of space constraints around the manipulator will 
make the problem of workspace analysis far more complex. A method needs 
to be developed that will find the position of the hand for the allow-
able motion range of the joints. Because of the complexity of this 
problem, this study will be confined to analyzing the workspace of 
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the 'popular' ·3R robot (81 = 8 2 = 8 3 = O, a 1 = O, a 2 = a 3 , a 1 = 90°, 
a 2 = a 3 = 0) and the effect of varying its link lengths a 2 and a 3 , and 
with introducing an offset 8 1 • The effects of space constraints on a 
4R robot with link parameters 8 1 = 8 2 = 8 3 = 8 4 = O, a 1 = O, a 1 = 90°, 
a 2 = a 3 = a 4 = 0 will also be discussed. Figure 7 shows the 3R robot 
with space constraints represented by planes c1 through c6 • In this 
case, since the second joint and the third joint have parallel axes, 
the characteristic of the workspace affected by the space constraints 
can be studied on the plane passing through the axis of first joint and 
containing link two and three. This plane is shown by plane Q in 






Figure 7. The Plane Q with 3R 
Robot Arm 
The workspace analysis presented here was done using Tektronix 
graphics. The second joint of the robot arm is rotated through its 
full allowable range of motion, the dotted line in Figure 8 shows the 
path generated by the third joint·. For a finite number of points on the 
--....-.... __ ___ 
--- --------- .__ -... 






dotted line the third joint is rotated through 360°, thus going through 
more than the allowable work area of the hand. A 'virtual window' 
corresponding to the location of the constraints is defined using Tek-
tronix routines, so that only the workarea within the constraints is 
shown. 
Three groups of 3R robots were considered. The robots in the first 
group all had an offset s1 = 2.5 (note that the second joint is located 
at h/2) • The constraints imposed on the robot motion correspond to 
dimensions of the plane Q defined in Figure 8 by h = 5 and L = 8. 
The total sum of the link lengths a 2 + a 3 = 7. The results are shown 
in Figures 9 through 12. Looking at Figure 9, it is seen that this 
robot configuration has a large void in the middle of the workarea. In 
Chapter II it was discussed that this configuration of the robot gives 
the maximum workspace without any voids, when there are no constraints 
on the link motion. Figure 10 shows a workarea with a smaller void in 
the middle, but the robot hand can not reach within a small area around 
joint two. As a 4 is made smaller compared to a3 , the void in the middle 
of the workarea gets smaller until it disappears for a 4 = s1 , as shown 
in Figure 12. The robot represented in Figure 12, even though it has 
an unaccessible region by the left side of the constrained area, it is 
more desirable because it has a continuous workspace. Therefore, when 
constraints have been introduced, the 'popular' 3R robot will not pro-
duce the maximum workspace. 
Figures 13 through 16 show the workarea of 3R robots with zero 
offset, (s1 = O). Figure 13 shows the workarea of the 'popular' 3R. 
Figure 9. Workarea of a Constrained 3R Robot, a 2=3.5, a 3=3.5, s1=2.5 
w 
\.D 
Figure 10. Workarea of a Constrained 3R Robot, a 2=3.75, a 3=3.25, s1=2.5 ""' 0 
Figure 11. Workarea of a Constrained 3R Robot, a 2=4.0, a 3=3.0, s1=2.5 
.!::> 
...... 
Figure 12. Workarea of a Constrained 3R Robot, a 2=4.5, a 3=2.5, s1=2.5 
A 
"' 
Figure 13. Workarea of a Constrained 3R Robot, a 2=3.5, a 3=3.5, s 1=o 
~ 
w 
Figure 14. Workarea of a Constrained 3R Robot, a 2=3.75, a 3=3.25, s1=o "" "" 
Figure 15. Workarea of a Constrained 3R Robot, a 2=4.0, a 3=3.0, s1=o ~ U1 
Figure 16. Workarea of a Constrained 3R Robot, a 2=4.2, a 3=2.B, s 1=0 ""' O'I 
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Figures 14 and 15 show the effect of increasing the linklength a 3 and 
it can be seen that the void within the workarea is reduced by increas-
ing a 3 until in Figure 16 the internal void has disappeared. Therefore, 
the 'popular' 3R robot with zero offset like in the previous case (Fig-
ure 9), will not provide the optimum workarea when space constraints 
are present. 
Figure 17 shows the workarea of a 3R robot (s1 = 2.5, a 2 = a 3 = 
4.19) when the robot hand in its extended position can reach the right 
corners of the constrained area. As can be seen from this figure, the 
large void within the workarea makes this configuration of the robot 
arm completely unpractical. Figure 18 shows the workarea for a 2 = 5.88 
and a 3 = 2.5. Since a 3 = h/2, the void has vanished. The workarea of 
the robot arm still can be increased by eliminating the offset s1 from 
the configuration of the robot arm. Figure 19 shows the workarea of 
the 3R robot arm with s1 = O, a 2 = 5.38 and a 3 = 3.0. The robot arm 
in Figure 19 can reach one right corner of the constrained workarea, 
but provides more workarea compared to the robot in Figure 18. 
From the results of Chapter II, a 4R robot with link parameters 
a1 = o, a 2 = 2a3 = 2a4 , a 1 = 90°, a 2 = a 3 = a 4 = o, s1 = s2 = s3 = s4 = 
O, was seen to give the best performance regarding the workspace. Fig-
ure 20 shows the workarea of the mentioned 4R robot with total link 
length of seven and the same constraints as the 3R robots in Figures 
9 through 19. It can be seen that this robot has a continuous work-
area within the constraints and to the extreme reach of the robot hand. 
Comparing Figure 20 with the 3R cases presented in Figures 8 through 
Figure 17. Workarea of a Constrained 3R Robot, a 2=4.19, a 3=4.19, s1=2.5 
~ 
()) 
Figure 18. Workarea of a Constrained 3R Robot, a 2=5.88, a 3=2.5, s1=2.5 ii::. l.D 




imum reach of 
third joint 
Shaded area is the accessible 
workarea of 4R robot 
locus of second 
joint 
locus of maximum reach 
of third joint 
Figure 20. Workarea of a Constrained 4R Robot Arm 
xtreme reach 




12, it is seen that the 4R robot has much better performance in terms 
of workspace. In addition to having the maximum possible workarea, the 
4R robot arm is more capable of reaching a point with more than one 
configuration of the arm. This capability gives the 4R robot more 
ability to avoid obstacles. 
CHAPTER V 
SUMMARY AND RECOMMENDATIONS 
5.1 Summary 
In this study, several aspects of the performance of 3R and 4R 
robots have been analyzed. The workspace of a number of 4R configur-
ations has been presented and compared to the 'best' 3R robot. A brief 
comparison of 3R and 4R joint displacements was done and a computer 
program for joint displacement analysis based on the iterative velocity 
method was presented. This study also included a comparison of the 
effects of space constraints on the workspace of 3R and 4R robot arms. 
The study presented in Chapter II revealed that the 4R robot with 
linkparameters a 1 = O, a 2 = 2a3 = 2a4 , s1 = s2 = s3 = s4 , a 1 = 900 and 
a 2 = a 3 = a 4 = 0 represents the best configuration of link parameters. 
It was seen that although 4R robot arms are more flexible than 3R, 
not all 4R configurations will have the maximum workspace obtainable 
with the 'popular' 3R robot arm. 
The comparison of 3R and 4R joint displacements presented in 
Chapter III indicated that the sum of joint displacements for a 4R 
robot in moving between two stations will in general be larger than 
for a 3R robot arm. However, in some cases displacements of first and 
second joints may be smaller for 4R robots, which can mean less energy 
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consumption. Joint displacements of each robot configuration depend 
highly on the location of initial and final position of the robot hand. 
The iterative velocity method for joint displacement analysis was 
used effectively for 3R, 4R and 6R robots. This method requires that 
the robot hand be defined as a rigid body. The iterative velocity 
method requires a large number of iterations if the distance between 
initial and final positions is large, which makes it more effective for 
smaller range of motion. 
The workspace of 3R robots can be greatly affected by the presence 
of space constraints. From the results of Chapter IV, it can be seen 
that the 'popular' 3R robot may not give the best obtainable workspace 
in the presence of space constraints. The case study in Chapter IV 
revealed that a 4R robot with the same motion constraints not only can 
give the maximum obtainable workspace, but also has the ability of 
avoiding obstacles. 
5.2 Recommendations 
The iterative velocity method used in Chapter III requires the 
position vector and two vectors fixed in the robot hand. This require-
ment is a limitation when the method is being used for robots with less 
than six degrees of freedom. It is a recommendation of this study that 
a method be developed which requires only the position vector and one 
vector fixed in the robot hand as input. 
As a continuation of the study presented in Chapter IV, it is 
recommended that other configurations of constraints and robot arms be 
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studied. A general method should be developed for analyzing the con-
strained workspace, keeping the robot arm within the space constraints. 
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LISTING OF A PROGRAM FOR 
WORKSPACE ANALYSIS 
57 
OIME ... SICN'A(4,4,4) ,ADI (4o4) ,A02(4o4>.AD3(4,4)oAf)~(414)e 
*i3(4,4)eC(4,4) eD(l•,4),~E!'t4) ,C~l=:(4) 15(4) o.l.LF(4) 
*, AA ( 4 ) , TH A ( 4) , IM 0. GE( 15 0 C ) 
CATA ACO/•>t 1 / 
CALL PLOTl<Otllt3tllt4) 
CALL 0 LOT2(IMAGE.1.o.-1.o.1.o.-1.o> 
READ ( 5, 1 0 0) ( tNE ( I ) , I = l ,4) 
:)EAD(S,100) (AA(I),1=1,4) 
READ(S,100) ( .. LP(l),I=lo4) 
REA0(5tl00} (~(l) .I=l,4) 
DTP=3el41593/180e0 
100 FC~MAT(4FlOo3) 
DO 101 '>1=1.4 
ALP ( N ): 4L P (N) it OT~ 
101 CCNTINUC:: 
Tl-A( 1 ):0 oO 
DO 11 I2=lo361olB 
N2=I2-l 
Tl-A(2l='l2*DT~ 
DO 11 I 3 = l , 36 l • 18 
N:?=I3-l 
Tl-A(3)=~3•DTR 
DC 11 14=1,361,18 
N4=I 4-1 
THA(4)=N4*CTR 
DC 1 I=lo4 
. A(' I, le l ) =COS ( l"1A ( I ) > 
A ( I , 1 , 2 ) =-SIN (THA ( I )) "'C'JS ( 4 LP ( I> ) 
A ( I , 1 , 3 ) = SI N ( 1H A ( I ) ) * S I " ( AL P ( I ) l 
A ( I , l , 4 ) =A .\ ( I ) *C D S ( TH A'( I ) ) 
A( I o2 ol) =SI"(iHA( I)) 
A (I t2o2) =CCS( 1HA( I) )*CC~( AL;'.:' (I)) 
A(I.2,3)=-CDSCTl-<A( l)):q:SJN(ALP( II) 
A( ·t ,z o4) =AA( I )*SIN <THA (I)) 
An.::.u=o.o 








DC 2 I = 1,4 
DO 2 J = lo4 
ADlCloJ):A(ltleJ) 
A 02 ( I• J) =A ( 2, I, J) 
AC3 (I o.J) =A(3e J,J) 
A04(1,J):A(4oioJ) 











CALL PLOT4(14.'VERTICAL LA3EL' 
WRITE(61l?) (AA(I) 1I=l 14) ,(AL'">(I)tl=l14)1 
*(S(IJtI=l•4) 












DO 1 I = l eM 
DC l J = 1.P 
1 TCioJJ='.>.O 
DO 2 I=leM 
DO 2 J.=leP· 
DC 2 K=l oN 
2 T( IeJJ:A( I1K)•U<K1J)+T(I,J) 
RETUF:N 
END 
• • • • • • ...... 
Sl.B~CUTI NE MA 1'1F.C (A oX ,z 1Mo f\ J 
DIMENSION Al414)eX(4)oZl4) 
DO 5 I = l t"' 
5 z<I>=c.o 
DO 6 l = 11 M 
OC6J=l•" 





i .ooo +----+----+--.--+----+----+-****+-~--+----+---·-+- .. + 
----~--__,._ ___ __,1..__ __ 4! __ __..l~----'*c...:o* * ** * ** * * I I _J_____.l_ 
l 1 1 I I *•*********** I I I 
I I I I .. l. ************** l I 1 .aoo +~---+--..,- +- .... .;;._ +...---'+""·-.... ~+************ **+---;...,+•--: .:-,..+ 
I I I I I I *************** I I 
l l I I I I ************** I I 
I I I I l I ************** I l 
.600 +----+----~+-- ·-+-·---+--·--+--~ ****************-- + 
____ .....___ ___ I I I I I **** **** ********* I 
1 I I I I I .. **********-******** I 
I I I 1 I l *******~************ 1 
e400 +----....----+---- +----+----***********'************* + 
l I I I I ************************"" l 
I I I I I ************************'! 
l I I I I *******•*****************! 
.200 +----+----+---~ +--~ ·-- +-·--'- ***** **************** ***** 
1 I I I I I ***********************! 
I I l l I I *********************1 
l I 1 I I I ********************* 
0 .ooo +----+--·~-- +--~- +----+----+---- ****************-**** 
l I *********************-
l I I l l l *******~****:.;:.*** *** **1 
I I I I I I ***********************I 
-~· .200 +'·---+-----+---- +----+"--~ ************************** 
I I l I I *************************! 
I l l I I ********* ***************•I 
I I I I I *-***********************~ l 
·= e4 OD t-----+----+---- +----+..-..--= ************************. + 
I J I I I I ********************" I 
I I I l I l ******************~ I 
I I I I I I ***************** I 
.,. .oOO +----+---·- +---~ +----+·--- +--~·- **** **** *** *****--- -· + 
I I I I I I ************** 1 I 
I l l I I I **** ********** 1 1 
I ] 1 I .I 1 *************** l l 
,_ .• eoo +----+--·-·-+---·~ +----+----+**************+---~ •--;-..-.. + 
I I l l I **"************ I I l 
I l l I I ************* I I 1 
I 1 I I 1 **********l I I I 
·l .ooo +----+--~-+--~-+----+~---+****+----+---·-+----+--····· + 
-1.ooo-.aoo-.ooo-.400-~.2000.000 .200 .400 .co_o____..a.QJU...ooo 
I 
. .....;..--""'~-~----------'-·-· __ ; 
O'.l = 90°, (l2 = 90°, 0'.3 = 90° 
al = o.o, a2 = 0.6, a3 = 0.3, a4 = 0.1 
sl = s2 = s3 = s4 = o. 
Figure 21~ Sample Computer Output Showing the Workarea of a 4R Robot 
APPENDIX B 




In section 3. 3 the quantities W, E.. and ¢ were defined as: 
(L2 - Ll) x (~2 - Nl) 
w = ~---~~~~~-- (B .1) 
( L 2 - Ll) • (N2 + Nl) 
E.. tan(¢/2) = W • (B.2) 
For infinitesimal motion, W is related to the angular velocity. In 




(.6 t) -1 2 N = N + +-- (D.t) + ... -2 -1 dt dt2 
(B. 4) 
0 d¢ d2¢ 
¢ =/1 +-- (D.t) + 
dt2 
(D.t) 2 + 
dt 
(B. 5) 






+-- + ... 
w = dt (B.6) 
dLl 
(D.t) 2N1 
. + . .. dt 
and in its equivalent from Equation (B.2) : 
. 
w.= n_tan{ t (.6t) + ••• } • (B. 7) 
Equating the right-hand sides of Equations (B.6) and (B.7) and 
simplify.ing, the following can be obtained: 
dLl dN1 
--X 





which is the equivalent expression for the angular velocity of the 
hand. 
The angular velocity W can be approximated as 
w = M:. . lit n 
The approximate velocity of a point in the hand at the origin is 
V=Hw-wxr 
or 
V H li<P li<P n x = lit E.. - lit - r 
63 
where H, Li¢, n and!. are the screw parameters formed from the change 
in the hand position and orientation. 
APPENDIX C 
LISTING OF A PROGRAM FOR JOINT DISPLACEMENT 





C THIS IS A JOINT· DISPLACEMENT ANALYSIS 
C PROGRAM BASED ~N THE ITERATlVf VELOCITY 
C METHOD. .lN TttIS 11Ek~ION1 A 6W 
C ROl:50T IS ANALYZED 
c 
C DEVELOPED BY ALIREZA BEHBOUD OURING 









$ D T ( 6 J 1 ~ J H 3 t t X ra ( 3 h X w 2 ( 3 J t X w 3 ( 3 ) 1 X H 3 J 1 PE 4 C 3 t t 0 V 4 ( 3 I 1 X w4 t 3 J 1 
$Pf5l3hPE6<311DV5t311DV6CJJ1XW5(3J1X"6C.3t 
COMMON /HLOC~l/N1S1AA1ALP1THA1RJl1DVl1PEl1RLl1RN11RL21 
JRN2 1RPl 1 RP2 
OTR:3.1415927/180.0 



















IF CPHl oLEeOELI GO TO 2 
c 







GO TO 128 
CONTINUE 





C •••••• USING SUBROUTINE POS FINO RllJ AND NCI)••• 
c 
c 
If RITE C & t J 5 I C l> V 1 ( 1 It I= 1 t 3 It C D \I 2 C I It I= 1 1 3 t•t C 0 V 3 ( l t 1 I= 1 , 3 I, 
'l D 11 'H I fl I= 1, 3 >t < D V 5C I It l= 1, 3 ht 0 Vb< 1 h I= 1 • 3 t 
.35 FORl"AT< 1H0t2Xt'OV1= 1 13Gl5e5t/t3A1'Dll2= 1 t3G15e5t 
c 
c 









DO 23 I=l13 
AC (I I 11.::0v1( l) 
ACCI121=1>V2Cll 
ACt 1131=DV3C U 















DO 130 1=113 
ACllt41=DVHU 
AC.t lt51=0V5C It 
ACl It61=DV6C IJ 
CONTINUE 
DO 131 I=lt3 
.J=1+3 
ACC Jt41 =Xff4C Il 
AC C .J t 5 t = X ill 5 C U 
ACt.116t=Xl'i6CU 
CONTINUE 














DO • I= 1I6 








•O FORl'IA H 1 HO, JX• •o T=c • 10Gl •. 5, •a• J 
OTMAX=• 1 ef75 




5G FORMATl 1H012X1 1DTMAX= 1 1G15e5) 
OTMAX=U T ~AX•REV 
IF COTMAX1LE,THMJ GO TO 7 
CH=TH!"I/ DTMAX 
CH=CH•DTR 
DO 6 I=ltb 
OH I J=DT (I •-cu 
6 CONTINUE 
7 CONTINUE 
55 FOR MAH 1HOt2Xt 'OT= C 0 t6Gl5e5t • J 1 J 
C •••••• COMPUTE NEW POSITION 1 BASED ON THESE ANGLE CHANGES • •• 
c 
DO 8 I= l t 6 









65 FORMAH lH013Xt'RP1=' t3Gl515t/t3Xt 1 RL1='1.3Gl5e5.1/9 
$3Xt 1 RN1='13G1515J 
c 







IF CD!FM1LEeDIFMAX) GO TO 9 
C ••t••• CHEK. FOR THE MAXIMUM NUMBER OF ITERATIONS CNNNMAXJ, ••• 
c 
c 
IF CNN~oGT,NNNMAXI GO TO 9 
NNN:NN!\1+1 
GO TO 1 





WRITEl6t 12 J NNN 
12 FORMAT& lH01.//t3XtI10 J 




























C ••••••• SUuROUTlNES 
c 
. -....... . 
,.~ .............................................•... 
C THIS SubRDUTlNE FINDS THE POSITION OF ~HE 
c ROBOT HAND AND THE DIRECTION OF Two UNIT 
C VECTORS FIXED IN THE HAND 





$ 8( '+ 1 4 h CC '+ t 4 )JD t 4 1 '+ I t ALP ( 6 J 1 SC 6 I 1 A AC 6) 1 T HA( t» • RL 1C 3 J , 
$RNlCJJ1RL2l3JtRRPlt3J1RRL1(3JtRRNll3tt 




DO 1 l=l•N 
All•l•ll=COS<THACIIJ 
AC I 1112 J =-S INC TH Al I J J111COSl AL Pl It I 
Al I 1l13 J =SIN CT HA< I ) J •5 INC ALP l I I ) 
At Itlt4 >=AAC IhCOSCTHAtII J 
AC 11211 t=SINCTttA(l H 
AC I t212 t =COSCTHAC I J > •COSl ALP( I I J 
AC I 1213 J =-COS( THAt I J J•SltU ALPC I JI 
Al 1,-2,4 t=AAt IhSINCTHA( I> I 
AC lt3t1 J=OoO 
AlI1312 J=SINtALPCI JI 
Al I 1 J t .3 J =C 0 S ( ALP ( I J J 
ACI1314J.:oS(It 
At I , '+ t 1 > =O o 0 
68 
AtI1412t:O,O 
Al I' 4 • J ) =O, 0 
Allt4t4J=le0 
1 CONT 1NUE 
00 2 I= 1 • 4 
DO 2 .J= 1t4 
ADllitJl=ACltltJt 











DO 6 l=lt3 
RRPltlJ=F<I14) 
RRt.1< U=F< ltU 





C••*•***•*******~**************************************** c . . 







.$RL SUf.H 3 J t RN SUB( 3 ) t RN SUM( 3), RNUM ( 3 J t RNC 3 J 1 RP SUM ( 3 h RPS lJB t 3 J t 
$VECl(3teVEC2t3JtVEC3C3J1VEC4(3J1VEC5C3JtVEC613JtRRC3Jt 
5SC6J1AAC6J1ALPC6J1THAl6J1RJlC31tDVlC3J1PE1C3t 




























C•••••••FlND w••2:wSQ~ •••••• 
c 
CALL VSCVECCWtW1ft'..URt3J 








c A LL II~ c s u B ( v I::. c 4 I v E c 3 • v E c 5 • 3 t 
CALL V~CSUMCRPSUM1V£CS1VEC613t 
Cee•••eoFlND THE VECTOR R=RR 
c 
CALL SCAVEC< .s.vEco.~Rt3) 
Co•••••• CALCULATE THE MAGNITUDE OF TRANSLATIONS 
CALL V~CVEClW1RPSUU1RNUM61JI 
Ce•••••• CALCULATE THE MA~NITUDE OF THE TRANSLATION S ••• 
SS = ~t~UMb/lllL · 







C SUBROUTINE POS FINDS THE ORIENTATION OF THE JOINT 







•RN21RPl 1 RP2 
OIMEhSION At614t411ADlC414JtAD2t•14t1AD3C414ttA~4(4t411 
$ B ' 4 , 4 J • c c 4 • 4 J • 0' 4 I • J • RE s ( 4 ' • Re: s 1 ' 4 J • 0 NE ( 4 , • s ( b t I AL p ( 6 t • 
$AA C 6 J t TH A ( 6 t 1~J1 ( 3 ) 1 1-!J 2 C 3 )t l{J 3 f 3 t 1 RJ 4 < 3 I 1CV1< 3 t. OV 2< 3 J, OV 3( 3 t. 
s 0 v " ' J • I p E l ( 3 t • p E 2 ( 3 • Ip E 3 c 3 • I p e: 4 ' 3 • I v L2 ( 3 J • v L J ( 3 t I v L 4 ( J ) • 
$RL l ( 3 I 1 RN l( 3 J t Rl. 2 ( 3 I t RN 2 ( 3 I 1 RP 1 ( 3 J t KP 2 ( 3 I 100 V 1 C 3 h PP El( 3 I t 
SAO 5t 414 I , A Ob ( 4 • 4 It EC 4 • 4 I• f C "+ 1 4 It Pf St 3 I 1 PEbC 3 h VL SC 3 J • VL o( .H 
••DV5(31•DV6t311RJ5(31•RJ6C3t 
00 23 1=113 
00 V 1( 1 t = 0 V 1C I I 
PPElt U =PEl& U 
23 CONTINUE 
00 1 1= 11 N 
A( ltl1l J=COS<THAl It I 
AC 1111.:! t =-S lNC THA< I J t•COSC AL.Pt 1 JI 
A(I1l13 l=SlN<THA(l lt•SIN<ALPCII t 
AC 11114 J=AAC lhCOSCTHAC U J 
AC I t 2 t l J =SIN <TH A ( I J > 
c 
AC I •212 J =COSC TtiAC l J J •COSC ALP< l J J 
A ( l t 2 1 ~ J =- C 0 St T t1 A ( I J J • S INC ALP C I J J 
AC I • .2 '" J =A AC I J • S INC T HA l I J J 
ACI1J1lt=C.O 
Al 11J12J=SINCALP(lJ) 
AC 1"'313 l=COSCALPClJJ 
A&I1J14J=SlIJ 
AC 11411 J::O.O 
AC!t41:.!J=C.O 
A ( I t 4 1 J J =C • 0 
AC 11414 J=l.Q 
1 CO~T LNUE 
DO 2 1=1 t'+ 
DO 2 .J=l 14 
ADH r .. n=ACltl1JJ 
AO 2 < It .J J : A ( 2 1 I 1 J J 
A03C I1J J =AC 3dtJ J 
AO 4 c I tJ I =AC 4, I, J J 
AOSC ItJ J::A(51I1.J J 
Al>t>l ItJ J=Al61l1.JJ 






DO 63 1=1t3 
RJ2CIJ=A01Cl14J 
OV2CIJ=AU1Cl13J 
R.J 3 C I I= ti C I t 4 t 
DV3C U=tH 11.31 
R..14( lJ=C< 1141 
011'+( I>=CC 113 J 
R.J 5 C I I= 0 C l • 4 ) 
C>V5C 1)::0( I1.3J 
R..10( I l=EC l.t4 J 
DV6(U=ECI13J 





CALL vi::c sue ( R.J2t VL 2t PE21 3 I 
71 





CO M3=CO M 1.ICOM.2 
CALL SCAVECCCOM31DV31VL313) 
CALL V~CSUBlR.J31VL3tPE313) 

























• • • • • • SUB ROUT INES •••••• 









0 I~ EN 5 I UN A ( 4 t 4 t 1 TC 4 t 4 t t U t 4 t 4 J t X ( 4 t t Z( 4) 1x1 ( 3 I t Y 1( 3) t l1 C 3 ) 
DO l I= 11 M 
DO 1 J= 1 Ip 
1 TCI1JJ=0 1 0 
DO 2 I= 1 t Iii 
DO 2 J=l 1 P 




DO 5 I=ltM 
5 ZCit=O.O 
DO 6 I= 1 I"' 




DO 4 I=l tN 








00 7 Io:l1N 
7 Y 1' U =S • .KU I t 
RETUKN 
ENTRY VECSUMCX11Yl1Zl1NJ 






Z 1 ( 1 J =.w. 1 ( 2 t • Y 1 ( J J- Y 1 ( 2 J • 1.1 C J J 
z 1 c ~ • =x 1 ( 3 J • \'l c 1 >- x 1 c 1 J • v 1' 3 J 




00 12 I=l1N 
1~ SUMSQX=SUMSWX+XlClJ•Xltlt 
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